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Abstract
We prove the theorem providing sufficient conditions for the existence of the
global conformal gauge in string theory. The example is considered that clearly
shows that strong restrictions on the fields cannot be thrown away altogether.
The (super)string theory plays very important role in physics for the last fifty years
(see, e.g., [1, 2, 3]). It is usually considered as the basis for construction of the unified
quantum theory of all fundamental interactions. The crucial role in the theory is played
by the conformal gauge. For example, the covariant and light cone quantizations are
based on the assumption of global existence of the conformal gauge. Local existence of
the conformal gauge is well known for a long time (see, e.g., [4]). The global existence is
a much more complicated problem and as far as we know it is not analyzed up to now.
In the present paper, we prove the theorem providing sufficient conditions for the
global existence of the conformal gauge in string theory. It contains strong restrictions
on the fields which cannot be thrown away altogether as the example shows.
Consider two manifolds: Euclidean plane R2 with arbitrary global coordinates x =
(xα) := (x0, x1) := (τ, σ), α = 0, 1, and D-dimensional Minkowskian space R1,D−1 with
Cartesian coordinates X = (Xa), a = 0, 1, . . . , D − 1, D ≥ 2, and the Lorentz metric
ηab := diag (+− . . .−). Let there be a smooth embedding
X : R2 ⊃ U ∋ (τ, σ) 7→
(
Xa(τ, σ)
)
∈ R1,D−1, (1)
of some closed subset U of Euclidean plane. We assume that U is connected and simply
connected open subset in R2. The embedding defines the string worldsheet M := X(U).
Embedding (1) defines symmetric quadratic form with components
hαβ := ∂αX
a∂βX
bηab = ∂αX
a∂βXa. (2)
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In general, this form may be positive definite, degenerate, or indefinite. We assume that
the embedding is such that
(∂0X)
2 :=X˙2 := X˙aX˙bηab > 0,
(∂1X)
2 :=X ′2 := X ′aX ′bηab < 0
(3)
on U. The vectors X˙ and X ′ are linearly independent on M. Here and in what follows
indices a,b, . . . are often omitted. So global coordinates τ, σ on U are timelike and
spacelike, respectively. Then the determinant of the induced quadratic form is negative
h := det hαβ = X˙
2X ′2 − (X˙,X ′)2 < 0, (4)
where parenthesis denote the usual scalar product in R1,D−1. The embedding (1) defines
the Lorentzian metric on the string worldsheet interior U with signature (+−).
Open string is the embedding (1) of the closed straight strip
−∞ < τ <∞, 0 ≤ σ ≤ π (5)
with the properties (3). Closed string is the embedding (1) of the closed straight strip
−∞ < τ <∞, −π ≤ σ ≤ π (6)
with the properties (3) and periodic gluing:
∂n1X
a
∣∣
σ=−pi
= ∂n1X
a
∣∣
σ=pi
, ∀ a, ∀ τ, n = 0, 1, 2, . . . . (7)
Sure, a cylinder is not simply connected and cannot be covered by a single coordinate
chart. The domain (6) is the fundamental domain for a closed string with identified
boundaries.
The coordinate system defined in domains (5) for open and (6) for closed strings we
call global coordinate system on the string worldsheets.
If infinite strips in the τ, σ plane have curved boundaries, then all of them are diffeo-
morphic to strips (5) or (6). Thus we did not loose generality by specifying the coordinate
range in the τ, σ plane.
The dynamics of the Nambu–Goto string is governed by the action which is propor-
tional to the string worldsheet area. We do not need the equations of motion. The only
important thing for the following is the boundary conditions for the open string
h1β∂βX
a
∣∣
σ=0,pi
= 0, (8)
where hαβ is the inverse induced metric, which follow from the least action principle.
For string theory, the crucial role is played by the possibility to impose global conformal
gauge on the whole string worldsheet
hαβ = e
2φηαβ, ηαβ := diag (+−), (9)
where φ(x) is some smooth function. To formulate the theorems we introduce notation.
We split string coordinates on time and spatial components: (Xa) := (X0,X), where
X := (X1, . . . , XD−1) are spatial components. Denote
a := |X˙0|, b := |X˙|, c := |X ′0|, d := |X ′|. (10)
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Then
X˙2 = a2 − b2, X ′2 = c2 − d2, (X˙,X ′) = ac− bd cosϕ, (11)
where ϕ is the angle between vectors X˙ and X ′. Equations (3) imply a > b > 0 and
d > c > 0 on U. We suppose that string coordinates are three times differential functions
C2 near the boundary σ = 0. Then the decomposition holds
a =a0 + a1σ +
1
2
a2σ
2 + o(σ2),
b =b0 + b1σ +
1
2
b2σ
2 + o(σ2),
c =c0 + c1σ +
1
2
c2σ
2 + o(σ2),
d =d0 + d1σ +
1
2
d2σ
2 + o(σ2),
cosϕ = cosϕ0 + µ1σ +
1
2
µ2σ
2 + o(σ2),
(12)
where a0(τ), . . . , µ2(τ) are some functions on τ . Similar decompositions hold near other
boundaries σ = π and σ = −π with appropriate functions a0(τ), . . . , µ2(τ).
Theorem 0.1. Let the embedding (1) satisfying the conditions (3) be given in domain
(5). Let conditions
a0 6=0, b0 6= 0, c0 = d0 = 0, (13)
a0 =b0, a1 = b1, (14)
d21 − c
2
1 =a0(a2 − b2), a2 > b2, (15)
c1 =d1 cosϕ0, c2 = d2 cosϕ0 + 2µ1. (16)
hold on the boundary σ = 0 for open string. Suppose that the similar conditions hold at
the boundary σ = π. Moreover, we assume that inequality
X˙2 +X ′2 ≥ 0 (17)
is fulfilled on the whole U. Then there exists the global coordinate system in which metric
is conformally flat (9).
Proof. Let us analyze some asymptotics near the boundary σ = 0 for later use. Condi-
tions (13) imply
lim
σ→0
X ′0 = ±c0 = 0, lim
σ→0
X
′ = d0N = 0, (18)
where N is the unit vector along X ′. This means that boundary conditions X ′a|σ=0 is
fulfilled for all a and τ . Moreover,
lim
σ→0
X˙2 = a20 − b
2
0 = 0. (19)
for a0 = b0 6= 0 and (X˙
a)σ=0 6= 0.
Using Eqs. (13) and relation a0 = b0, we obtain
lim
σ→0
−X ′2
X˙2
= lim
σ→0
d2 − c2
a2 − b2
= lim
σ→0
(d21 − c
2
1)σ
2 + o(σ2)
2a0(a1 − b1)σ +
[
a21 − b
2
1 + a0(a2 − b2)
]
σ2 + o(σ2)
. (20)
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For existence of this limit, we must put a1 = b1. In addition, we require the fulfilment of
Eq. (15). Then
lim
σ→0
−X ′2
X˙2
= 1. (21)
Finally, we consider the limit
lim
σ→0
(X˙,X ′)
X˙2
= lim
σ→0
ac− bd cosϕ
a2 − b2
. (22)
The enumerator and denominator of this fraction are
ac−bd cosϕ = a0(c1 − d1 cosϕ0)σ+
+
[
a1(c1 − d1 cosϕ0) +
1
2
a0(c2 − d2 cosϕ0 − 2d1µ1)
]
σ2 + o(σ2),
a2−b2 = a0(a2 − b2)σ
2 + o(σ2),
where Eqs. (13), (14) are used. Additional equalities (16) imply
lim
σ→0
(X˙,X ′)
X˙2
= 0. (23)
Now we construct the global coordinate system. The nonzero tangent vector field
T a :=
(X˙,X ′)X ′a −X ′2X˙a√
(X˙,X ′)2 − X˙2X ′2
(24)
is defined on the internal part of the string worldsheet. This vector field is everywhere
timelike and orthogonal to X ′:
T 2 = −X ′2 > 0, (T,X ′) = 0. (25)
Consider the vector field tα∂α on U, which is mapped into T
a∂a onM by the differential
of the map (1),
T(U) ∋ tα∂α 7→ T
a∂a ∈ T(R
1,D−1),
where
T a = tα∂αX
a = t0X˙a + t1X ′a.
Since vectors X˙ and X ′ are linearly independent at every point, the comparison of this
formula with Eq. (24) yields the timelike vector field on U:
(tα) =
(
−
X ′2√
|h|
,
(X˙,X ′)√
|h|
)
(26)
The problem is that the vector field t is well defined and has no zeroes only on the internal
part U. On the boundary ∂U, we have indeterminacy of the type 0/0 and need additional
requirements for their uncovering. Let the limits (21) and (23) hold. Then
lim
σ→0
−X ′2√
(X˙,X ′)2 − X˙2X ′2
= lim
σ→0
√
−X ′2
X˙2
1√
1− (X˙,X
′)2
X˙2X′2
= lim
σ→0
√
−X ′2
X˙2
= 1.
lim
σ→0
(X˙,X ′)√
(X˙,X ′)2 − X˙2X ′2
= lim
σ→0
(X˙,X ′)√
X˙2X ′2
1√
1− (X˙,X
′)2
X˙2X′2
= lim
σ→0
(X˙,X ′)√
X˙2X ′2
= 0.
(27)
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Consequently, the vector field t on the left boundary is
t(τ, 0) = (1, 0). (28)
By continuity, it can be smoothly extended to a larger interval σ ∈ (−ǫ, π) for some ǫ > 0
in such a way that it will differ from zero.
The similar construction can be performed near the right boundary σ = π.
Now we find the integral curves x(τ˜ ) =
(
xα(τ˜ )
)
, which satisfy the following system of
ordinary differential equations
x˙α = tα(x), (29)
where the dot denotes differentiation on parameter τ˜ ∈ R. Draw all integral curves going
through each point of spacelike section, for example, τ = 0. Without loss of generality we
assume that τ˜ = 0 on this section. Equation (28) implies that straight boundaries of the
worldsheet σ = 0, π are integral curves: x0 = τ˜ . Due to the existence and uniqueness of
solutions of the system (29) (see, e.g., [5]), there is one and only one integral curve going
through every point in U. These curves are confined within straight boundaries and fill
the whole U. The integral curves are defined for all values τ˜ ∈ R, because the right hand
sides of equations (29) are uniformly bounded:
x˙0 =
−X ′2√
(X˙,X ′)2 − X˙2X ′2
≤ 1, (30)
x˙1 =
(X˙,X ′)√
(X˙,X ′)2 − X˙2X ′2
< 1. (31)
Indeed, the condition (30) is equivalent to the inequality
(X˙,X ′)2 −X ′2(X˙2 +X ′2) ≥ 0,
which is fulfilled due to the condition (17). Inequality (31) is obvious.
We assume now that all integral curves (29) are found and change coordinates as fol-
lows. For a given point (τ, σ) ∈ U there is only one integral curve going through it and it
intersects the abscissa τ = 0 at some point σ˜. Therefore σ˜ ∈ [0, π] parameterizes all dif-
ferent integral curves lying inside U. We assume also that the parameter τ˜ corresponding
to a point (τ, σ) is counted off the intersection point of the respective integral curve with
the abscissa, e.i. τ = 0 for τ˜ = 0. Then the coordinate change
(τ, σ) 7→ (τ˜ , σ˜), −∞ < τ˜ <∞, σ˜ ∈ [0, π]
is defined. It is clear that this coordinate change is one-to-one. Any solution to the system
of equations (29) staisy
τ =
∫ τ˜
0
dζ t0
(
τ(ζ), σ(ζ)
)
+ C0(σ˜), σ =
∫ τ˜
0
dζ t1
(
τ(ζ), σ(ζ)
)
+ C1(σ˜), (32)
where C0 and C1 are integration constants, which can differ for different integral curves
and therefore depend on σ˜. The functions C0(σ˜) and C1(σ˜) are defined by initial condi-
tions:
τ(τ˜ = 0, σ˜) =0 ⇒ C0(σ˜) = 0,
σ(τ˜ = 0, σ˜) =σ˜ ⇒ C1(σ˜) = σ˜.
(33)
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Therefore the coordinate changes are given by equations:
τ =
∫ τ˜
0
dζ t0
(
τ(ζ), σ(ζ)
)
, σ =
∫ τ˜
0
dζ t1
(
τ(ζ), σ(ζ)
)
+ σ˜. (34)
The integrals in the right hand sides are defined because integral curves are given. Equal-
ities (34) imply the following elements of Jacobi matrix:
∂τ
∂τ˜
=
dτ
dτ˜
=t0,
∂τ
∂σ˜
=0,
∂σ
∂τ˜
=t1,
∂σ
∂σ˜
=1.
(35)
Hence,
∂Xa
∂τ˜
=
∂xα
∂τ˜
∂Xa
∂xα
= tα∂αX
a = T a,
∂Xa
∂σ˜
=
∂xα
∂σ˜
∂Xa
xα
=
∂Xa
∂σ
.
In new coordinates, the properties (25) take the form
(
∂X
∂τ˜
)2
+
(
∂X
∂σ˜
)2
= 0,
(
∂X
∂τ˜
,
∂X
∂σ˜
)
= 0. (36)
It means precisely that the metric is conformally flat (9) in these coordinates defined on
the whole string worldsheet.
For closed string the situation is much simpler, because there is no restrictive boundary
conditions ∂1X
a = 0. In this case, it is sufficient to assume that imbedding functions are
of class C2. On the left boundary σ = −π we have
a =a0 + a1(σ + π) + o(σ + π),
b =b0 + b1(σ + π) + o(σ + π),
c =c0 + c1(σ + π) + o(σ + π),
d =d0 + d1(σ + π) + o(σ + π),
cosϕ = cosϕ0 + µ1(σ + π) + o(σ + π).
(37)
where a0(τ), . . . , µ1(τ) are some functions on τ .
Theorem 0.2. Let the embedding (1) satisfying the conditions (3) be given in the domain
(6) and periodically continued (7). Let equalities
a0 > b0 ≥ 0, d0 > c0 ≥ 0, (38)
a20 − b
2
0 = d
2
0 − c
2
0, (39)
a0c0 − b0d0 cosϕ0 = 0. (40)
hold on the boundary σ = −π for closed string. Suppose that the similar boundary condi-
tions hold on the boundary σ = π. Moreover, we assume that inequality (17) is fulfilled on
the whole U. Then there is the global coordinate system in which the metric is conformally
flat (9).
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Proof. Consider the left boundary σ = −π. The limit
lim
σ→−pi
−X ′2
X˙2
= lim
σ→−pi
d20 − c
2
0 + o(1)
a20 − b
2
0 + o(1)
=
d20 − c
2
0
a20 − b
2
0
= 1 (41)
holds due to Eqs. (38) and (39). The another limit
lim
σ→−pi
(X˙,X ′)
X˙2
= lim
σ→−pi
a0c0 − b0d0 cosϕ0 + o(1)
a20 − b
2
0 + o(1)
= 0 (42)
holds due to Eqs. (38) and (40). Thus we get the same asymptotics for vector field (26).
The rest of the proof repeats that for an open string.
The conformal gauge (9) in not uniquely defined: we are left with conformal trans-
formations ξ 7→ ξ′(ξ) and η 7→ η′(η), where ξ := τ + σ and η := τ − σ are light cone
coordinates. Therefore the natural question arises: “Can we straighten the boundaries by
the conformal transformation?” The following example shows that this is not possible in
general.
Example. Let us consider an open string rotating in the plane X1, X2 of three-
dimensional Minkowskian space R1,2. The solution of the equations of motion in conformal
gauge is
X :=
(
τ, F 1(ξ) +G1(η), F 2(ξ) +G2(η)
)
, (43)
where
F 1(ξ) :=−
1
2
∫ ξ
pi/2
dλ sin f1(λ), F
2(ξ) :=
1
2
∫ ξ
0
dλ cos f1(λ),
G1(η) :=−
1
2
∫ η
pi/2
dλ sin f2(λ), G
2(η) :=
1
2
∫ η
0
dλ cos f2(λ),
(44)
where f1,2(λ) are some smooth strictly monotonic functions with not restrictive properties:
f1,2(±∞) = ±∞ and f
′
1,2 > 0. For f1(λ) = f2(λ) = λ, we get the well known example of
straight string rotating with constant angular velocity (see, e.g., [1, 3]).
For Eq. (43), the tangent vectors to the string worldsheet are
X˙ =
(
1, −
1
2
sin f1(ξ)−
1
2
sin f2(η),
1
2
cos f1(ξ) +
1
2
cos f2(η)
)
,
X ′ =
(
0, −
1
2
sin f1(ξ) +
1
2
sin f2(η),
1
2
cos f1(ξ)−
1
2
cos f2(η)
)
,
(45)
Straightforward computations show that constraints X˙2 +X ′2 = 0 and (X˙,X ′) = 0 are
identically satisfied for arbitrary functions f1,2.
Now we analyze open string boundary conditions. Consider a general situation when
the left γl and right γr boundaries of the worldsheet are implicitly given by equations
γl,r(ξ, η) = 0, where γl,r are some smooth functions. Then the condition X
′a = 0 must
hold at each point. It results in equalities
sin f1(ξ) = sin f2(η),
cos f1(ξ) = cos f2(η),
}
⇒ γl,r = f1(ξ)− f2(η) + 2πk = 0, k ∈ Z. (46)
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The last equation defines possible positions of worldlines of the open string end points.
Let k = 0 and k = 1 for the left and right boundaries, respectively. If we want tangent
vectors to boundaries to be vertical on the τ, σ plane, the following condition must hold
dη
dξ
= −
∂γl,r/∂ξ
∂γl,r/∂η
= −
f ′1(ξ)
f ′2(η)
= 1.
This is possible when and only when both functions f1,2 are linear.
If we have one boundary given by an equation η = η(ξ), then it can be straightened
by suitable conformal transformation, e.g., ξ 7→ ξ′(ξ), where the new function satisfies the
equation
dη
dξ′
=
dη
dξ
dξ
dξ′
= 1,
which always has a solution. The boundaries (46) are “parallel” and can be straightened
simultaneously. But this is not allowed, because a nonlinear conformal transformation
of zero component X0
(
1
2
(ξ(ξ′) + η(η′))
)
violates the boundary condition ∂1X
0|σ′=0,pi = 0.
This example clearly shows that if at least one of the functions f1,2 is nonlinear then the
global conformal gauge does not exist.
Covariant and light cone quantization of the bosonic string is performed assuming that
domains of worldsheets are straight vertical strips on the τ, σ plane. May be these solutions
are the most important ones. However, we have shown that the set of these solutions is of
measure zero in the space of all solutions for bosonic string. This conclusion raises many
questions.
We proved the theorems under the assumption that metric is given by the embedding
(2). It is known that every pseudo Riemannian surface can by isometrically embedded
in Minkowskian space of sufficiently high dimensionality where metric does have this
form. Therefor the above theorems are valid for arbitrary pseudo Riemannian surfaces.
Moreover, metric components in theorem 0.2 are of class C1 which is lower then in the
local theorem [4].
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